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ON THE SHEAR-CENTER OF THIN-hTALLED MEMBERS 
h . . 1 By Daryous Motar]eml, M, ASCE 
INTRODUCTION 
The importance of the location of shear-center in thin-
walled members is a known phenomenon. For a thin-walled member 
with open cross-section the location of its shear-center has 
been defined explicitly [1]. In the case of a thin-walled 
member with closed cross-section, a step-by-step numerical 
approach is available [2, 4]. A brief history of the theoreti-
cal and experimental developments is given in Ref. 3. 
The determination of the location of shear-center in 
single-cell thin-walled members is frequently encountered in 
engineering design and research problems. In many investigations 
it would be quite useful to have an explicit formulation for the 
location of shear-center. In recent years the use of thin-walled 
members with closed cross-section has increased in many fields. 
In bridge construction, the steel orthotropic decks [6] and the 
so-called spread box-beam [5] and multibeam bridges are now 
widely used. 
The purpose of this paper is to introduce an explicit for-
mulation for the determination of shear-center in single-cell 
thin-walled members with or without open parts. The cross-section 
of such members is assumed to be in a general nonsymmetrical 
shape. In the case of symmetry about any axis, the formulations 
are shortened to the reduced forms. 
1
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LOCATION OF SHEAR-CENTER 
The shear-center is defined in the usual manner as the point 
at which when the load is applied there would be no twisting of 
the cross-section. Suppose one considers the bending of a thin-
walled single-cell prismatic member shown in Fig. l(a). The 
reference axis system shown in this figure is a right-handed 
coordinate system passing through the centroid of the cross-section. 
An infinitesimal element of this member is subjected to the inter-
nal forces shown in Fig. l(b). The s-coordinate is measured along 
the perimeter of the cross-section. qs is the shear-flow per unit 
length of s, and is positive when directed toward the positive 
direction of s. ax is the normal stress on the cross-section. 
The differential equation of equilibrium is obtained by setting 
the summation of the forces acting along the x-axis equal to zero. 




ax 0 (1) 
where t is the wall thickness of the cross-section and is a func-




is the shear-flow at the origin s 0. 
fig. l(c) shows the location of the shear-center and the 
reference axes of the cross section. The resultant shearing 
forces Vy and V2 should pass through the shear-center in order 
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for the cross-section to remain untwisted. To obtain the 
y-coordinate of the shear-center, it can be assumed that the 
bending moment about z-axis is identical to zero and thus 
V = 0. Taking moments about any convenient point, say point 0 y 
in Fig. l(c), results in: 
y v 
0 z 1£ r q ds 0 s 
where Y0 is the y-coordinate of the shear-center relative to 
( 3) 
point 0. r is the moment arm of the shearing force (qs ds) about 
point 0, and is dependent on s. The moment arm r is positive in 
the same sense as is the moment itself. In Fig. l(c) the posi-
tive direction of moment is indicated. The upper limit of the 
integral in Eq. 3 is designated by £, to indicate the integration 
over the entire periphery of the cross-section. The determina-
tion of Y
0 
from Eq. 3 requires the explicit form of the shear-
flow qs. 
The expression for normal stress ox in bi-axial bending can 






















I' ) M yz z ( 4) 
(Sa) 
( 5b) 




My and Mz are the moments about y- and z-axis, respectively. 
Assuming Mz = 0, as mentioned above, and differentiating Eq. 4 
with respect to the x-variable, result in the following: 
()o 
X 
ax - y I' ) V yz z 
The shear-flow qs can now be obtained by substituting Eq. 6 into 
Eq. 2. The result is as follows: 
where 
q -[I' Q (s)- I' Qz(s)] V 
o z y yz z 
Q (s) y 
Q (s) 
z 
z t ds 
Q (s) and Q (s) are the moments of area, from zero (origin of s) y z 
to s, about the centroidal axes y and z, respectively. 






the value of q
0 
is unknown. In case of thin-walled open-sections, 
s can be measured from the free end of the cross-section, resulting 
in a zero value for q
0
, and thus the shear-flow is determinate. 
For the closed-section under consideration, one could introduce a 
cut at any convenient point on the cross-section, and measure s 
from the cut-point, in order to reduce the case to that of the 
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open sections. The unknown shear-flow q
0 
is then superimposed 
on the open-section. Therefore, the resulting shear-flow is still 
in the same form as that of Eq. 7. The campatibility requirements 
at the cut-point are ensured by enforcing the condition that the 
integral of the shearing strains over the periphery of the 
closed-loop of the cross-section must vanish. Hence: 
0 (9) 
satisfaction of Eq. 9 ensures that there would be no twisting of 
the cross-section, since the left side of Eq. 9 is proportional 
to the angle of twist per unit length. Assuming a constant shear-
ing modulus G, and substituting Eq. 7 for qs into Eq. 9 result in 
the following: 
qo v Qo I I z z (10) 
where 
1 rJ Q (s) I I f Qz(s) Qo J:: ds - ~ --t-- ds] 






is a constant and can be thought of as a cross-sectional prop-
erty. The shearing-flow qs for the closed-loop portion of the 
cross-section can now be determined explicitly by substituting 
Eq. 10 for q
0 
into Eq. 7: 
(12) 
The y-coordinate of the shear-center relative to point 0 
is given in Eq. 3 in terms of the shear-flow qs. Therefore, 
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fR- Q (s) r ds + 
0 y 
I' yz ! 9- Q (s) r ds 0 z (13) 
where Q
0 
is given in Eq. 11 and A
0 
is average of the areas enclosed 
by the outer and inner boundaries of the closed-loop portion of 
the cross-section. Similarly, one can obtain the z-coordinate of 





+I' JR. Q (s)rds- I' f'L Q (s)rds 
o y y 0 z yz 0 y 
where o1 is similar to Q0 as follows: 
J0 2 (s) l' rCo<sl [ 'f t ds - l•z 'J ~ ds ] 
y 
and the shear-flow qs' due to Vy is: 




Eqs. 13 and 14 represent the location of the shear-center relative 
to any convenient point of the cross-section. Eqs. 12 and 16 
together determine the total shear-flow due to V
2 
and Vy acted 
simultaneously. 
If the cross-section is symmetrical with respect to one axis, 
say y-axis, then the shear-center lies on the axis of symmetry, 
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y-axis, and its location as given in Eq. 13 can be written in the 
following reduced form: 
1 [ 2 A Q - J £ Q (s) r ds ] 
Iy o o O y 
where Q0 , as given in Eq. 11, reduces to: 
The shear-flow, given in Eq. 12, reduces to the following: 
v 
z [ Qo - Qy (s)] -I-
y 
ILLUSTRATIVE EXAMPLE 
The application of the method is demonstrated through an 




single-cell member. The cross-section is symmetrical about y-axis, 
and a shear force Vz = 250 kips is acting through the shear-center. 
It is required to determine first the location of the shear-center 
on the y-axis, and second the distribution of shear-flow in the 
cross-section. 
The location of shear-center is determined by the use of 
Eqs. 17 and 18. With reference to Fig. 2(a), first a cut is intra-
duced at point 0, and the location of shear-center is obtained 
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relative to this point. Next, the quantities Q (s) and r for y 
different parts of the cross-section are readily written. These 
quantities are tabulated in Table 1. With reference to Table 1 
and Fig. 2(a), the following self-explanatory calculations are 
made: 
25 X 50 
); Q (s) 
J~ds 
1250 in.2 
25 f (25s) ds 
0 
+ 
120 I y 250,000 in .
4 
! 50 ( 6 2 5 + 2 5 s - 0. 5 s 2 ) ds 0 
25 





0.5 (s 2 - 50s - 1875) ds 0 
9, j Q (s) r ds 0 y 50 fo 25 (625 + 25s - 0.5s 2 ) ds 25 + f 50 (625 - 25s) ds 0 
1,432,000 in.5 
Using Eq. 18, 
It should be borne in mind that it just so happens that the value 
of Q
0 
is zero for the dimensions given in this example. 
Thus, Eq. 17 can be evaluated as: 
1,432,000 
250,000 - 5.73 in. 
The negative sign indicates that the distance Y
0 
is measured along 
the negative side of y-axis as shown in Fig. 2(b). 
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The shear-flow distribution due to V
2 
= 250 kips can now be 
determined from Eq. 19. All the quantities needed in Eq. 19 are 
determined above. The results are shown in Fig. 2(b). Negative 
quantities of qs simply mean that the flow is in the opposite 
direction to that assumed in Fig. 2(a). 
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SUMMARY AND CONCLUSIONS 
An exlicit formulation for the location of shear-center in 
single-cell thin-walled members, with or without open parts, has 
been introduced. The formulations are derived for the general 
nonsymmetrical sections, and the reduced forms are then given for 
sections with one axis of symmetry. Application of the formula-
tion is demonstrated through an example. The method presented 
here enjoys the advantages of ll having simplicity in its formu-
lation, 2) employing quantities, such as first moment of area, 
with physical significance and 3) the similarity of the derived 
formulae for the closed sections to those of the open sections. 
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APPENDIX II. NOTATION 
The following symbols are used in this paper: 
A
0 
average of the areas enclosed by the outer and 
inner boundaries of the closed-loop portion of the 
cross-section. 
G shear modulus of material. 
I 
z 
moment of inertia of cross-section with respect to 
the y and z axes, respectively. 
I product of inertia of cross-section with respect yz 
to the y and z axes. 
I' I' I' y' z' yz constants comprising I , I and I y z yz 
~ periphery of cross-section. 
M 
' 
M y z bending moment about the y and z axes, respectively. 
0 a point on the plane of cross-section. 
Qo' Ql constants comprising cross-sectional properties. 
Q (s) y Qz (s) first moment of area, from zero to s, with respect 
to the y and z axes, respectively. 
constant shear-flow. 
shear-flow on cross-section at a point defined by 
coordinate s. 
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r moment arm of shear-flow about point 0. 
s coordinate measured along the perimeter of cross-
section. 
t wall thickness of cross-section. 
shear force on cross-section and along the y and z 
axes, respectively. 
x, y, z = Cartesian coordinate system passing through the 
centroid of cross-section. 
y and z coordinates of shear-center relative to 
point 0. 
o normal stress on the cross-section. 
X 
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Table 1: First Moment of Area for Illustrative Example 
s 
Segment Q (s) y From - To r 
0-1 25s 0 - 25 0 
1-2 625 + 25s 0 .5s 2 0 50 25 - -
2-3 625 - 25s 0 - 25 50 
4-3 1.25 s 2 - 125s 0 - 25 0 
3-0 1. 25s 2 - 62.5 s - 2344 0 - 50 0 
0-5 1.25s 2 + 62.5 s - 2344 0 - 25 0 
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(d) z 
~x t ds 
(c) 
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ILLUSTRATIVE EXAMPLE 
FIGURE 2 
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